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ABSTRACT
Recent observations of rotationally supported galaxies show a tight correlation be-
tween the observed radial acceleration at every radius and the Newtonian acceleration
generated by the baryonic mass distribution, the so-called radial acceleration relation
(RAR). The rotation curves (RCs) of the SPARC sample of disk galaxies with dif-
ferent morphologies, masses, sizes and gas fractions are investigated in the context of
modified Newtonian dynamics (MOND). We include the effect of cold dark baryons
by scaling the measured mass in the atomic form by a factor of c in the mass budget
of galaxies. In addition to the standard interpolating function, we also fit the RCs and
the RAR with the empirical RAR-inspired interpolating function. Slightly better fits
for about 47% of galaxies in our sample are achieved in the presence of dark baryons
(c > 1) with the mean value of c = 2.4 ± 1.3. Although the MOND fits are not signifi-
cantly improved by including dark baryons, it results in a decrease in the characteristic
acceleration g† by 40%. We find no correlation between the MOND critical acceler-
ation a0 and the central surface brightness of the stellar disk, µ3.6. This supports a0
being a universal constant for all galaxies.
Key words: galaxies: kinematics and dynamics – galaxies: general, gravitation, meth-
ods: statistical
1 INTRODUCTION
The most important observational evidence for the missing
mass problem in galactic scales come from the timing ar-
gument analysis of the local group (Kahn & Woltjer 1959)
and the flattening of the rotation curves (RCs) of disc galax-
ies (Rogstad & Shostak 1972; Roberts & Whitehurst 1975;
Bosma 1978; Rubin et al. 1978). In the concordance cosmo-
logical framework (ΛCDM) one needs to add non-baryonic
dark matter (DM) particles into the baryonic content of
galaxies (i.e., stellar and gaseous components) to explain
this flattening. These particles interact with each other and
with the baryons almost entirely through gravity (Hinshaw
et al. 2013; Planck Collaboration et al. 2016; Abazajian et al.
2009; Percival et al. 2010).
One of the most important correlations that summarizes
the properties of the mass discrepancy from high to low sur-
face brightness galaxies, is the so-called radial-acceleration
relation (RAR) in which the acceleration observed at ev-
ery radius is tightly correlated with that expected from the
distribution of baryons (McGaugh et al. 2016; Lelli et al.
2017). This tight empirical scaling relation coincides with
the 1:1 line (no dark matter) at high accelerations but
? E-mail: haghi@iasbs.ac.ir
systematically deviates from unity below a critical scale
of ∼ 10−10m s−2. In other words, the mass discrepancy is
stronger for the low surface brightness (LSB) galaxies which
are gas-dominated, while it is weaker for the galaxies with
high surface brightness (HSB).
The ΛCDM model of galaxy formation does not give
a reasonable explanation for the falling of baryons in DM
haloes so that the detailed properties of RAR are verified
(i.e., eliminating massive LSB galaxies as well as HSB dwarf
galaxies) except by involving the fine-tuned baryonic physics
and supernovae feedback. In particular, it is difficult to en-
visage why the inner regions of a LSB galaxy should have
a similar mass discrepancy to a point with a similar ac-
celeration in the outer regions of a HSB galaxy. However,
most recently Ludlow et al. (2017) and Keller & Wadsley
(2017), analyzed a sub-sample of simulated galaxies from
the EAGLE project and MUGS2 hydrodynamic simulations,
respectively, and argued that the RAR can be explained in
the framework of ΛCDM. But they did not properly take
the observational effects into account when comparing the
observations with theoretical models (Desmond 2017a,b).
In addition to the tightness of the RAR, the other prob-
lem for the ΛCDM model of galaxy formation is the unex-
pected diversity of RC shapes at a given mass-scale. Oman
et al. (2015) showed that galaxies residing in halos of sim-
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ilar maximum circular velocity display a wide range of RC
shapes in the central parts. Using the cosmological hydro-
dynamical simulations from the EAGLE and APOSTLE
projects, they showed that the simulations of galaxy for-
mation are unable to produce this diversity of RC shapes.
Recently, Ghari et al. (2019) by modelling the RCs of galax-
ies from the SPARC database with the Einasto dark halo
model showed that the diversity of baryon-induced accelera-
tions at the central part of the galaxies is sufficient to induce
a large diversity, incompatible with current hydrodynamical
simulations of galaxy formation while maintaining a tight
RAR. They concluded that simultaniously reproducing a
tight RAR and the diversity of RC shapes is still challenging
for current hydrodynamical simulations of galaxy formation
in a cosmological context.
Some cosmological evidences such as Cosmic Microwave
Background radiation (Planck Collaboration et al. 2016)
and Big Bang Nucleosynthesis (Cyburt et al. 2016) con-
firm that the fraction of the baryon density with respect
to the DM density of the Universe is fixed to a fraction of
fb = ρb/ρm ' 0.16 (Steigman 2007). But this ratio is smaller
on the galactic scale (Bregman 2007), the so-called ’missing
baryon problem’.
In the cosmic baryon budget, only about 6% of baryons
shine as stars and gas in galaxies (Shull et al. 2012; Fukugita
et al. 1998; Famaey & McGaugh 2012). Moreover, UV ab-
sorption in front of background sources has shown that
about 30% of baryons could be associated with the Lyman
forests and an uncertain fraction (5-10%) with the warm-
hot intergalactic medium (WHIM at 105 − 106K), (Nicastro
et al. 2005; Danforth et al. 2006). Therefore, about half of
the baryons are not yet accounted for. Most of them should
be in the cosmic filaments, in the intergalactic medium.
As a common assumption, in galactic scale only the
atomic gas is considered in the mass decomposition of spiral
galaxies. However, it is well-known that a significant frac-
tion of dark baryons exists in the form of cold molecular
gas (Pfenniger et al. 1994; Pfenniger & Combes 1994) that
can be detected via the optical scintillation method (Habibi
et al. 2013). Pfenniger et al. (1994) showed that the surface
density of cold molecular gas is proportional to the surface
density of HI gas as Σgas = cΣHI and found a scale factor be-
tween cold gas and HI surface density around c = 7. Also, by
N-body modelling of galactic disks using a Miyamoto-Nagai
gaseous (both atomic and molecular) disk, an exponential
stellar disk and a Plummer dark matter halo, Revaz et al.
(2009) showed that c-values in the range of 1 to 5 are realis-
tic to reproduce the stability and global behavior of galaxies.
Moreover, Pfenniger & Revaz (2005) found that a factor of
c = 3 reduces the scatter of the baryonic Tully-Fisher rela-
tion.
On the other hand, the empirically strong correlation
between the baryonic, Newtonian acceleration and the dy-
namical acceleration V2(R)/R at the same position (RAR),
is one of the major predictions of modified Newtonian dy-
namics (MOND) (Milgrom 1983a, 2016b; Combes & Tiret
2010). Indeed the presence of dark molecular gas increases
the baryonic mass and hence reduces the critical accelera-
tion of MOND, the result that was later confirmed by Tiret
& Combes (2009) who found that the observed rotational
velocities of a sample of 43 spiral galaxies can be explained
in the framework of MOND with a lower value of a01 and
the best-fitting c-value of 3.
In this paper, we study how the possible existence of
dark baryons affects the RAR and the value of a0 in the
framework of MOND. Here we use the RCs of a large sample
of 175 galaxies with very diverse structural properties span-
ning a wide range in morphological types, stellar masses, gas
fraction (adding the molecular clouds as Mgas = cMatomic)
and surface brightness to revisit the contribution of dark
baryons to the RC fits in the framework of MOND. We want
to explore if in the presence of some dark baryons in galax-
ies (c > 1) the critical acceleration (a0) is still universal for
all galaxies. Since we consider that part of the missing mass
in galaxies could be due to the presence of dark baryons,
it appears quite possible for the critical acceleration a0 to
be lower. This is because in MOND the limit a0 → 0 corre-
sponds to Newtonian gravity without dark matter.
This paper is organized as follows: In Section 2 we de-
scribe the observational properties of galaxies in the SPARC
sample which have detailed RC data. In Section 3, the RC
models in MOND and the Monte Carlo fitting techniques
are explained. In Section 4, we describe the mass discrep-
ancy and radial acceleration relation in detail followed by
the summary and conclusion in Section 5.
2 GALAXY SAMPLE
We use RCs from the SPARC data-set which is collected
from the literature by Lelli et al. (2016). The sample includes
a collection of 175 LSB and HSB galaxies, spans a wide range
of luminosities 3× 107 - 3× 1011L and morphological types
(S0 to Im/BCD). The used sample covers a wide variety of
galaxies from gas-dominated galaxies (e.g. DDO 154 and IC
2574) to galaxies with a massive stellar component and a
low gas content with well-extended RCs (e.g. NGC 5033).
This diversity is useful for studying the dynamical prop-
erties of spiral galaxies. For the stellar light profile, the
homogeneous surface photometry at 3.6 µm band was de-
rived. Photometry in the 3.6 µm is used to deduce the stel-
lar mass distribution, as the luminosity in this spectral re-
gion is thought to be a better representative of the stellar
mass, with a relatively small variation in the mass-to-light
ratio. The errors on the disk inclination and galaxy distance
are not included and the documented central values of the
SPARC data-set are used in our analysis. The galaxies have
inclinations on the plane of the sky that vary from 20◦ to
90◦ and are distributed up to 100 Mpc but the majority are
within 20 Mpc. For each of them, the resolved HI kinematic
data are available. 32 galaxies in this sample have a signifi-
cant bulge. The details of the data sample are explained in
the SPARC main paper (Lelli et al. 2016).
1 According to MOND the equation of motion violates the New-
tonian one at accelerations less than a0. See Sect. 3 for more
details.
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3 ROTATION CURVE ANALYSIS
3.1 Mass models in MOND
Within the framework of MOND, the gravitational acceler-
ation of an isolated spherically symmetric mass distribution
is calculated by
gN = gM µ(gM/a0), or, gM = gN ν(gN /a0) (1)
with I(x) = xµ(x) and ν(y) = I−1(y)/y. gM and gN are
the MONDian and Newtonian gravitational accelerations of
baryonic matter, respectively. a0 is the characteristic acceler-
ation scale of MOND that is found to be a0 ' 1.2×10−10 m/s2
corresponds to a0 = 3600 pc Myr−2. The interpolating func-
tion µ(x) (or ν(y)) has to reproduce Newtonian dynamics at
large accelerations, i.e., µ(x) → 1 (or ν(y) → 1) for x → ∞,
and is supposed to be µ(x) ≈ x (or ν(y) → y−1/2) for x → 0
(y → 0).
Different types of MOND interpolating functions have
been used in the literature for modelling galactic RCs.
The most common families of functions were introduced in
Famaey & McGaugh (2012). Hees et al. (2016) have shown
that only a handful of these interpolating function families
are consistent with Solar System constraints. Some of these
ν-functions are summarized as
να(y) =
[
1 + (1 + 4y−α)1/2
2
]1/α
, (2a)
ν¯α(y) =
(
1 − e−yα
)−1/2α
+ (1 − 1/2α) e−yα , (2b)
νˆα(y) =
(
1 − e−yα/2
)−1/α
. (2c)
For instance, ν1 is the so-called “simple” interpolating func-
tion, ν2 is the “standard” one and ν¯0.5 that has been ex-
tensively used in Famaey & McGaugh (2012) is called the
‘RAR-inspired‘ interpolating function. For comparison and
checking some of these functions, we rather concentrate here
on five of them: the ν2 and ν7, the ν¯0.5 and ν¯7 and νˆ7. At
first, we chose the ‘standard‘ and the ‘RAR-inspired‘ inter-
polating functions and then for completeness of the analysis
we select the ν-7 function families in the same spirit as Hees
et al. (2016). They showed that these functions can be viable
for combined Solar System and RC constraints. The stan-
dard function that is provided by Milgrom (1983b) yields a
relatively sharp transition from the MONDian to the New-
tonian regime
µ(x) = x√
1 + x2
. (3)
Using this function one can find from Eq. 1,
g = gN
√√
1
2
+
√
1
4
+
(
a0
gN
)2
. (4)
Although, the MOND Poisson equation should be used
to calculate the MOND circular speed, Milgrom (1986) has
shown that the results derived for the field equation slightly
differ (≤ 5%) from those using the original MOND prescrip-
tion. The stellar and gaseous mass distribution is assumed to
be in a thin disk. We assume the HI gas is in co-planar rota-
tion about the center of the galaxy, an assumption that may
not hold in galaxies with strong bars (Sanders & McGaugh
2002). Therefore, the rotational velocity in this model is
V2MOND =
GM
r
©­­«
1 +
√
1 + 4a0r
2
GM
2
ª®®¬
1/2
, (5)
where M = Md + Mb + Mg, Mb, Md, and Mg are the to-
tal baryonic, bulge, stellar and gaseous disk masses, respec-
tively. The value of Mg is derived from HI observations when
they are available. The amplitude of Md and Mb, which are
determined by photometric observations, can be scaled ac-
cording to the chosen, or fitted constant stellar mass-to-light
ratio of the disk Υd and the bulge Υb.
Although the simple µ(x) function is fine for RC anal-
ysis, it has the aesthetic fault that in the limit of high ac-
celeration it does not go to 1 fast enough to comply with
Solar-System constraints. So, it might be better to use
ν¯0.5(y) =
1
1 − exp(−√y) . (6)
This function was introduced by Milgrom & Sanders
(2008) and has been used already several times as a replace-
ment for µ(x). It was also recently used by McGaugh et al.
(2016); Lelli et al. (2017) for their updated RAR, without
mentioning its long MOND history (Milgrom 2016a).
It should be noted that the above two functions differ
by at most a few percents over the full range. So, they are
essentially equivalent for RC analysis.
For ν¯0.5(y), one can obtain the MOND acceleration, gM
in terms of the Newtonian acceleration gN as follows
g = gN
1 − e−
√
gN
a0
, (7)
where, gN =
GM
r2
, r is the radius and M = Md + Mb + Mg,
includes the total stellar disk, bulge, and gaseous disk, re-
spectively. Therefore, rotational velocity in MOND can be
expressed as
V2MOND =
VN2
1 − e−
√
VN2
r a0
, (8)
where, V2N = ΥdV
2
d
+ ΥbV2b + V
2
g , with Vd, Vb, and Vg the
Newtonian contribution of the stellar disk, bulge and gas to
the RC, respectively.
Finally, for ν-7 functions we find the VMOND as a func-
tion of VN and r in the same way as we did for the ‘RAR-
inspired‘ interpolating function ν¯0.5(y).
It should be noted that using the Eqs. 4 - 8 is an approx-
imation for a disk galaxy because the rotational velocity is
boosted above the so-called ’spherical disk approximation’
that we used. To determine the accurate total acceleration
of materials at a particular in-plane point one can use the
formalism developed by Banik & Zhao (2015) which is based
on decomposing the galaxy into a large number of rings.
The conversion of light to mass is done through the
mass-to-light ratio Υ?, whose unknown value is a major
source of uncertainty in our work. Verheijen (2001) proposed
that the best choice to minimize this uncertainty is to use
near-infrared (NIR) surface photometry (K-band or 3.6 µm),
MNRAS 000, 1–11 (2018)
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Table 1. Results for the MOND fits for all models: Column 1 is the model name. Columns 2 to 4 are the mean values of a0, Υd and c
for each model. Columns 5 and 6 are the best-fitted values of α and β (Eq. 11) for the correlation between the central surface brightness
of the stellar disc with the MOND acceleration parameter a0 for models A.1 to E.3. The corresponding values of correlation coefficient
r are given in column 7. Columns 8 and 9 are the best-fitting values of g† and the scatter of residuals σ to the RAR for all different
models.
Mass model < a0 > < Υd > < c > α β r g† σ
×10−10[m s−2] ML ×10−10[m s−2] [dex]
Model A.1 1.78 - - −0.05 ± 0.01 4.64 ± 0.25 −0.31 1.20 ± 0.13 0.114
Model A.2 1.57 - 2.1 ± 1.7 −0.08 ± 0.02 4.98 ± 0.39 −0.29 0.91 ± 0.11 0.122
Model A.3 0.93 1.06 ± 0.73 2.7 ± 1.7 −0.06 ± 0.02 4.42 ± 0.39 −0.23 0.53 ± 0.07 0.117
Model B.1 1.36 - - −0.03 ± 0.01 4.09 ± 0.28 −0.17 1.20 ± 0.13 0.114
Model B.2 1.15 - 2.1 ± 1.3 −0.04 ± 0.02 4.11 ± 0.41 −0.15 0.93 ± 0.11 0.125
Model B.3 0.83 0.89 ± 0.82 2.3 ± 1.3 −0.06 ± 0.02 4.33 ± 0.37 −0.24 0.75 ± 0.09 0.114
Model C.1 1.89 - - −0.08 ± 0.01 5.12 ± 0.25 −0.41 1.20 ± 0.13 0.114
Model C.2 1.63 - 2.3 ± 1.2 −0.09 ± 0.02 5.20 ± 0.35 −0.36 0.87 ± 0.12 0.129
Model C.3 1.14 1.22 ± 1.0 2.5 ± 1.3 −0.10 ± 0.02 5.18 ± 0.32 −0.42 0.52 ± 0.08 0.139
Model D.1 1.10 - - −0.06 ± 0.01 4.48 ± 0.30 −0.30 1.20 ± 0.13 0.114
Model D.2 0.87 - 2.7 ± 1.5 −0.11 ± 0.02 5.30 ± 0.36 −0.42 0.82 ± 0.11 0.136
Model D.3 0.65 0.89 ± 0.72 2.9 ± 1.3 −0.07 ± 0.01 4.46 ± 0.29 −0.35 0.68 ± 0.09 0.123
Model E.1 1.89 - - −0.08 ± 0.01 5.12 ± 0.26 −0.42 1.20 ± 0.13 0.114
Model E.2 1.69 - 2.1 ± 1.1 −0.10 ± 0.02 5.42 ± 0.34 −0.41 0.92 ± 0.12 0.125
Model E.3 1.10 1.24 ± 1.0 2.5 ± 1.1 −0.10 ± 0.02 5.16 ± 0.31 −0.43 0.49 ± 0.09 0.139
Model B.4 - 0.57 ± 0.50 - - - - 1.10 ± 0.12 0.058
Model B.5 - 0.50 ± 0.42 1.6 ± 0.7 - - - 1.00 ± 0.10 0.041
which provides the closest proxy to the stellar mass. Stellar
population synthesis (SPS) models suggest that Υ? displays
much smaller variations in the NIR than in optical bands
and depends only weakly on the star formation history of
the galaxy. Several models predict that Υ? is nearly constant
in the NIR over a broad range of galaxy masses and mor-
phologies (e.g., Bell & de Jong 2001; Portinari et al. 2004;
Meidt et al. 2014; Schombert & McGaugh 2014; McGaugh
2014; Norris et al. 2016). A nearly constant Υ? at 3.6 µm is
also suggested by the baryonic Tully-Fisher relation (BTFR,
McGaugh & Schombert 2015).
For 32 galaxies with significant bulges we adopt Υb =
1.4Υd as suggested by SPS models (Schombert & McGaugh
2014). As the stellar Υ? does not vary strongly at 3.6 µm,
we adopt a fixed Υd = 0.5
M
L and Υb = 0.7
M
L for all galaxies
in our sample. However, we will show that if we let Υd vary,
the mean value is about 0.55 with a very small scatter.
3.2 MCMC fitting
We use the affine Invariant Markov chain Monte Carlo
(MCMC) Ensemble sampler, from the open-source Python
package, emcee (Foreman-Mackey et al. 2013) to fit the ob-
servational velocity curve with the theoretical models. This
package provides functions to help in fitting models to data
and performs Monte Carlo analysis. We model all the RCs
to find the best-fitting values of free parameters by minimiz-
ing the reduced χ2. In the Bayesian Inference, finding the
peak of the likelihood function is one of the main purposes.
The likelihood function is defined as
P(θ |y) ∝ e −χ
2(θ )
2 , (9)
where y is the data and χ2 is given by
χ2(θ) = 1(N − P − 1)
n∑
i=0
(yi
theory
− yi
obs
)2
σ2
i
, (10)
where θ is the model’s free parameter space and σi is the
observational uncertainty in the rotational velocity, P is the
number of degrees of freedom, and N is the number of ob-
served velocity values along the radial direction in a galaxy.
In the framework of MOND using Eq. 5 and 8, fitting the
calculated RCs to the observed data points is achieved by
adjusting Υd, c and a0 for each galaxy, by minimizing the
reduced χ2.
3.3 MOND RC analysis
Using the MCMC method we fit the RCs of 175 galaxies in
the SPARC sample with our different mass models A.1 to
E.3. Like McGaugh et al. (2016) and Lelli et al. (2017), we
apply a few quality criteria to chose good galaxy data. Ten
face-on galaxies with i < 30◦ are rejected to minimize sin(i)
corrections to the observed velocities. Twelve galaxies with
asymmetric RCs are rejected. This leaves a sample of 153
galaxies.
Six different sets are assumed for RC fits using five dif-
ferent interpolating functions introduced in Sec. 3.1 and dif-
ferent assumptions for free parameters. The results for all
MNRAS 000, 1–11 (2018)
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Figure 1. The plot of the best-fitting MOND acceleration parameter a0 vs. central disk surface brightness µ3.6 is shown for Models A.1
to E.3. In this plot, the red dots with errors represent the measured log(a0) values for each galaxy in the SPARC sample. The green lines
are the best fit line to the data. The slope and intercept of the best fit line are given in Table 1. The dashed dark-blue line is the linear
relation obtained by Randriamampandry & Carignan (2014) by analysing the RCs of a sample of 15 dwarf and spiral galaxies. No clear
correlation is found for all models and there appears to be a very weak correlation between these two parameters that could be due to
the MOND EFE by which the RC of the LSB galaxies fitted with a lower value of a0. See Sec. 3.4 for more details.
models are summarized in Table 1 and Figs. 3 to 8 in the
Appendix.
3.3.1 Standard interpolating function
First we use the standard interpolating function (Eq. 5) for
RC fits as follows:
A.1) a0 is the only free parameter, c=1 and Υd = 0.5
M
L .
A.2) a0 and c are free parameters and Υd = 0.5
M
L .
A.3) a0, c, and Υd are three free parameters.
In the top left panel of Fig. 3, we plot the cumulative
distribution function (CDF) of χ2 values of the maximum
posterior fits to the RCs for models A.1, A.2, and A.3. About
65% of galaxies fitted with our A.3 model have χ2 < 3.0. But
for Models A.1 and A.2 with Υd = 0.5
M
L , less than 45% of
galaxies have χ2 < 3.0. Over the whole sample, the χ2 values
for galaxies with c > 1 are smaller for models A.2 and A.3
than model A.1. The mean values of χ2 are 9.0, 8.0 and 2.9
for models A.1, A.2, and A.3, respectively.
The results of the best-fitting a0 values for these models
are shown in the top right panel of Fig. 3. The mean values of
a0 in m s−2 are 1.78×10−10, 1.57×10−10, and 0.93×10−10 for
models A.1, A.2, and A.3, respectively. Thus as one normally
MNRAS 000, 1–11 (2018)
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Figure 1. continued.
expects, the critical acceleration, a0, which differentiates the
Newtonian regime from the MOND regime, decreases as the
fraction of dark baryons increases.
In the bottom left panel of Fig. 3, we plot the CDF of
the best fit c-values of the RCs for Models A.2 and A.3. This
Figure shows that about half of galaxies in the sample (72
out of 153 galaxies or 47%) could contain some dark baryons
because the c-values for these galaxies is in the range of
1 < c < 10, and (53%) of galaxies have a scale factor of
1, equivalent to a model without dark baryons. The mean
values of the scale-factor are < c >= 2.1 ± 1.7 and 2.7 ± 1.7
for Models A.2 and A.3, respectively, in agreement with the
previous works such as Tiret & Combes (2009).
The bottom right panel of Fig. 3 shows the best fitting
Υd values of model A.3 with the mean value of < Υd >=
1.06 ± 0.73ML . This is in contradiction with the stellar pop-
ulation synthesis models that nearly gives < Υd >= 0.5
M
L
for all disks of all morphological types in the 3.6 µm band of
Spitzer.
3.3.2 The RAR-inspired interpolating function
The second set of fits that we performed were those with the
RAR-inspired interpolating function (Eq. 8), and similar to
the previous set, in the three following models:
B.1) a0 is the only free parameter, c=1 and Υd = 0.5
M
L .
B.2) a0 and c are free parameters and Υd = 0.5
M
L .
B.3) a0, c, and Υd are three free parameters.
The results of the fits are shown in Fig. 4. In the top
left panel of Fig. 4, we show the CDF of χ2 values of the
maximum posterior fits to the RCs for models B.1, B.2, and
B.3. About 65% of galaxies have χ2 < 3 in Model B.3. But
for Models B.1 and B.2 with Υd = 0.5
M
L , less than 48% of
galaxies have χ2 < 3.0. The mean values of χ2 are 7.5, 6.5
and 2.4 for models B.1, B.2, and B.3, respectively which is
slightly lower than models A.1 to A.3. The mean values of
a0 in m s−2 are 1.36 × 10−10, 1.15 × 10−10, and 0.83 × 10−10
for models B.1, B.2, and B.3, respectively.
Similar to models A.1 to A.3, about half of galaxies in
the sample (70 out of 153 galaxies or 45%) could contain
some dark baryons because the c-values for these galaxies
are in the range of 1 < c < 10, and (55%) of galaxies have a
scale factor of 1, equivalent to a model without dark baryons.
The mean value of the scale-factor is < c >= 2.1 ± 1.3 and
2.3 ± 1.3 for Models B.2 and B.3, respectively, values that
are remarkably similar to the estimates made in previous
studies such as Tiret & Combes (2009). Moreover, the mean
value of Υd for model B.3 is 0.89 ± 0.82ML .
3.3.3 The ν7 interpolating function
The third set of fits that we performed were ν7 interpolating
function (Eq. 2a), and similar to the previous sets, in the
three following models:
C.1) a0 is the only free parameter, c=1 and Υd = 0.5
M
L .
C.2) a0 and c are free parameters and Υd = 0.5
M
L .
C.3) a0, c, and Υd are three free parameters.
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The results of the fits are shown in Fig. 5. In the top
left panel of Fig. 5, we show the CDF of χ2 values of the
maximum posterior fits to the RCs for models C.1, C.2 and
C.3. About 70% of galaxies have χ2 < 3 in Model C.3. But
for Models C.1 and C.2 with Υd = 0.5
M
L , less than 49% of
galaxies have χ2 < 3.0. The mean values of χ2 are 11.2, 10.5
and 4.3 for models C.1, C.2, and C.3, respectively which is
slightly higher than models A.1 to A.3. The mean values of
a0 in m s−2 are 1.89 × 10−10, 1.63 × 10−10, and 1.14 × 10−10
for models C.1, C.2, and C.3, respectively.
Less than half of galaxies in the sample (58 out of 153
galaxies or 38%) could contain some dark baryons because
the c-values for these galaxies are in the range of 1 < c < 10,
and (62%) of galaxies have a scale factor of 1, equivalent to
a model without dark baryons. The mean value of the scale-
factor is < c >= 2.3 ± 1.2 and 2.5 ± 1.3 for Models C.2 and
C.3, respectively, values that are remarkably similar to the
estimates made in previous studies such as Tiret & Combes
(2009). Moreover, the mean value of Υd for model C.3 is
1.22 ± 1.0ML .
3.3.4 The ν¯7(y) interpolating function
The fourth set of fits that we performed were those with
the ν¯7(y) interpolating function (Eq. 2a), and similar to the
previous sets, in the three following models:
D.1) a0 is the only free parameter, c=1 and Υd = 0.5
M
L .
D.2) a0 and c are free parameters and Υd = 0.5
M
L .
D.3) a0, c, and Υd are three free parameters.
The results of the fits are shown in the Fig. 6. In the
top left panel of Fig. 6, we show the CDF of χ2 values of the
maximum posterior fits to the RCs for models D.1, D.2 and
D.3. About 69% of galaxies have χ2 < 3 in Model D.3. But
for Models D.1 and D.2 with Υd = 0.5
M
L , less than 48% of
galaxies have χ2 < 3.0. The mean values of χ2 are 9.8, 8.7
and 3.1 for models D.1, D.2, and D.3, respectively which is
slightly higher than models B.1 to B.3. The mean values of
a0 in m s−2 are 1.10 × 10−10, 0.87 × 10−10, and 0.65 × 10−10
for models D.1, D.2, and D.3, respectively.
About half of galaxies in the sample (73 out of 153
galaxies or 47%) could contain some dark baryons because
the c-values for these galaxies are in the range of 1 < c < 10,
and (53%) of galaxies have a scale factor of 1, equivalent to
a model without dark baryons. The mean value of the scale-
factor is < c >= 2.7 ± 1.5 and 2.9 ± 1.4 for Models D.2 and
D.3, respectively. Moreover, the mean value of Υd for model
D.3 is 0.89 ± 0.70ML .
3.3.5 The νˆ7(y) interpolating function
The fifth set of fits that we performed were those with the
νˆ7(y) interpolating function (Eq. 2a), and similar to the
previous sets, in the three following models:
E.1) a0 is the only free parameter, c=1 and Υd = 0.5
M
L .
E.2) a0 and c are free parameters and Υd = 0.5
M
L .
E.3) a0, c, and Υd are three free parameters.
The results of the fits are shown in the Fig. 7. In the
top left panel of Fig. 7, we show the CDF of χ2 values of the
maximum posterior fits to the RCs for models B.1, B.2 and
B.3. About 70% of galaxies have χ2 < 3 in Model E.3. But
for Models E.1 and E.2 with Υd = 0.5
M
L , less than 48% of
galaxies have χ2 < 3.0. The mean values of χ2 are 11.3, 10.4
and 4.2 for models E.1, E.2, and E.3, respectively which is
slightly higher than models A.1 to A.3. The mean values of
a0 in m s−2 are 1.89 × 10−10, 1.69 × 10−10, and 1.10 × 10−10
for models E.1, E.2, and E.3, respectively.
About half of galaxies in the sample (73 out of 153
galaxies or 47%) could contain some dark baryons because
the c-values for these galaxies are in the range of 1 < c < 10,
and (53%) of galaxies have a scale factor of 1, equivalent to
a model without dark baryons. The mean value of the scale-
factor is < c >= 2.1 ± 1.1 and 2.5 ± 1.1 for Models E.2 and
E.3, respectively. Moreover, the mean value of Υd for model
E.3 is 1.24 ± 1.0ML .
According to the general similarity of the results in Sec.
3.3.1 to 3.3.5 we conclude that the main results are not sensi-
tive to the adopted interpolating functions and all functions
yield nearly the same results.
3.3.6 MOND fits with a0 fixed
Finally, the last fits that we performed were those with
acceleration scale a0 being a fixed parameter and using
the RAR-inspired interpolating function (Eq. 8) in the two
following models:
B.4) a0 = 1.2 × 10−10 m s−2, c=1 and Υd is the only free
parameter.
B.5) a0 = 1.2 × 10−10 m s−2, c and Υd are free parameters.
In the top left panel of Fig. 8, we show the CDF of χ2
values of the maximum posterior fits to the RCs for models
B.4 and B.5. About 45% of galaxies fitted with our B.4 and
B.5 models have χ2 < 3. Over the whole sample, the χ2
values for galaxies with c > 1 for model B.5 are smaller
than model B.4. The mean values of χ2 are 14.6, and 10 for
models B.4 and B.5, respectively.
The top right panel of Fig. 8 shows that about 40% of
galaxies in the sample (58 out of 153 galaxies) could contain
some dark baryons (1 < c < 10) with the mean value of
< c >= 1.6 ± 0.7. Moreover, mean value of the best-fitting
Υd for Model B.4 and B.5 are near 0.50
M
L which is fully
consistent with the SPS prediction in the 3.6 µm band of
Spitzer.
3.4 The possible a0 − µ3.6 correlation
Since a0 is supposed to be a universal constant (i.e., it should
not depend on galaxy properties), any systematic trend of a0
with some galaxy parameter could be a problem for MOND.
A very weak correlation between the central surface
brightness in the R-band and the best-fit value of a0 have
been found for a sample of dwarf and spiral galaxies by
Swaters et al. (2010) and Randriamampandry & Carignan
(2014). They found that higher surface brightness galax-
ies require higher values of a0 and lower surface brightness
galaxies have a tendency towards a lower a0. They inter-
preted that the LSB galaxies could be biased towards lower
MNRAS 000, 1–11 (2018)
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values of a0 if they suffered from the MOND external field ef-
fect (EFE, see Sec. 3.4.1 for more details). However, Gentile
et al. (2011) did the same analysis for 12 galaxies from the
THINGS sample and found that the best-fitting values of a0
are scattered around the mean value without any obvious
correlation with central surface brightness.
In Sec. 3.3, we made fits for the SPARC sample of 153
galaxies taking the MOND acceleration constant, a0, as a
free parameter in order to identify any systematic trends.
Here, we test whether there is any correlation between the
central surface brightness of the stellar disc with the MOND
parameter a0.
In Fig. 1, we have plotted our best-fitting a0 derived
from mass models A.1 to E.3 versus the central surface
brightness of the stellar d in the 3.6 µm band. As can be
seen, we find no evidence for a correlation between a0 and
the central surface brightness of the stellar disk, in contrast
to the conclusion by Randriamampandry & Carignan (2014)
using a smaller sample of 14 disk galaxies.
We find the following very weak correlation using a sim-
ple least square method for models A.1 to E.3:
log(a0) = α × µ3.6 + β, (11)
where the values of the α and β are listed in Table 1. The
slope of the best fit to these points is about −0.05, i.e., a0
drops by a factor of 1.12 for each magnitude the surface
brightness gets fainter. In addition, we measure the strength
of a linear correlation by calculating the correlation coeffi-
cient for Models A.1 to E.3 that are given in Table 1. The
absolute values of all correlation coefficients are less than 0.4
implying a weak downhill linear relationship. This weak cor-
relation supports MOND formalism in which a0 is a common
universal constant for all galaxies with different types.
3.4.1 Galactic RCs and the EFE
In any non-linear gravitation theory such as MOND, the
strong version of the equivalence principle is violated and
the gravitational dynamics of a system is influenced by the
external gravitational field in which it is embedded (the so-
called EFE). Generally, one cannot ignore the EFE in the
analysis of RCs, because spiral galaxies may be influenced
by the external fields of other nearby galaxies or by the host
cluster of galaxies (Wu & Kroupa 2015; Hees et al. 2016;
Haghi et al. 2016). Although MOND successfully reproduces
the observed RCs of a large sample of galaxies, there are
some galaxies with declining RCs in the outer parts not
favourable to MOND. Recently, Haghi et al. (2016) inves-
tigated the RCs of a sample of galaxies with a wide range
of luminosities and morphologies from dwarf irregulars to
bright spirals under the MONDian EFE. They showed that
taking into account the EFE can significantly improve some
galactic RC fits by decreasing the predicted velocities of the
external part of the RCs.
In the results presented in this paper, we have only
considered the accelerations within the galaxies themselves.
If a galaxy with internal accelerations aint << a0 (in the
MOND regime) is placed in a larger external acceleration
(aint < aext << a0), its kinematics would be pushed towards
the Newtonian regime and hence, if one were to fit a0 in
that case, one would derive a lower value for a0. Therefore,
it may be possible to explain, within the context of MOND,
why at least some galaxies appear to have a low value for
a0 when a0 is left as a free parameter in RC fits. This effect
would be stronger for the LSB galaxies, where the internal
accelerations are lowest. Thus, a very weak apparent a0−µ3.6
correlation mentioned above could be due to the contribu-
tion of EFE on the RCs of the LSB galaxies.
4 THE RADIAL ACCELERATION RELATION
One of the natural consequences of the MOND formalism
is that the local dynamical acceleration deduced from RCs
at different radii, g = V2(R)/R, is tightly correlated with
the local Newtonian acceleration inferred from the distri-
bution of baryonic component, gbar , at the same position
(Milgrom 1983a,b). The fact that g , gbar , constitutes the
mass discrepancy-acceleration relation (RAR, Sanders 1990;
Persic & Salucci 1991; McGaugh 1999, 2004, 2014; Swaters
et al. 2009, 2014; Lelli et al. 2013; McGaugh et al. 2016; Lelli
et al. 2017; Walker & Loeb 2014). The RAR indicates that
g ' gbar when gbar  a0, and approaches the geometric mean
g ' √a0gbar whenever gbar  a0, where the characteristic ac-
celeration is a0 ' 1.2 × 10−10 m/s2.
The mass discrepancy can also be defined as Mtot/Mbar '
V2obs/V2bar at every radius, where Vobs is the observed rota-
tional velocity and Vbar is the baryonic contribution from
the distribution of stars and gas such that the mass dis-
crepancy anticorrelates with the baryonic acceleration (Mc-
Gaugh 2004). Moreover, McGaugh et al. (2016) and Lelli
et al. (2017) have recently updated RAR using the 153 late-
type galaxies in the SPARC sample, 25 early-type galaxies,
and 62 dwarf spheroidals.
Berezhiani et al. (2018) have shown that the tight corre-
lation between DM and ordinary matter embodied in RAR
is the result of novel interactions between DM and baryons
which are based on DM superfluidity. In this scenario, the
DM particles are axion-like, with masses of order eV and
strong self-interactions. They have proposed a novel mech-
anism for the origin of the RAR through strong collisional
DM-baryon interactions, rather than a consequence of the
modification of gravity or a finely-tuned feedback process
in the ΛCDM. In this context, Berezhiani et al. (2018)
proposed that the DM density profile consists of a super-
fluid core surrounded by an envelope of DM particles in the
normal phase following a collisionless Navarro-Frenk-White
(NFW) (Navarro et al. 1996) density profile.
Recently, Famaey et al. (2018) proposed a novel mecha-
nism for the origin of the RAR through strong collisional in-
teractions between baryons and dark matter (DM) particles,
rather than a consequence of the modification of gravity or
finely-tuned feedback. In this context, the observed particle
DM profile in galaxies may naturally emerge as the equilib-
rium configuration resulting from DM-baryon interactions.
Here, we explore the RAR further by adding molecular
clouds in the mass budget of galaxies to our sample. By
fitting the following function proposed by McGaugh (2008)
and McGaugh & Schombert (2014)
gobs = F (gbar) =
gbar
1 − e−
√
gbar/g†
, (12)
with the only free parameter g†, McGaugh et al. (2016) and
Lelli et al. (2017) found a good fit to the RAR of the SPARC
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Figure 2. Radial acceleration relation for four models without considering the contribution of dark baryons (c=1) and different values
of Υd. This plot shows the RAR form top left panel to bottom right panel using the lower values of Υd form 0.5
M
L to 0.2
M
L , respectively.
sample of galaxies. For gbar  g†, Eq. 12 gives gobs ' gbar.
For gbar  g†, Eq. 12 imposes a low-acceleration slope of
0.5. They found g† = (1.20 ± 0.02) × 10−10 m s−2, equal to
the MOND critical acceleration a0. It should be noted that
this function was used earlier by Milgrom & Sanders (2008);
Milgrom (2016a) as a new MOND interpolating function.
Here we use Eq. 12 to find the best-fit g† for different
models with and without considering the dark baryons for
nearly 2692 individual data points in 153 different galaxies
of SPARC sample. In order to calculate the baryonic gravi-
tational acceleration gbar we use the following equation
gbar(R) =
V2bar(R)
R
, (13)
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where the expected velocity Vbar is given by
V2bar(R) = ΥdV2d (R) + c × V2gas(R) + ΥbV2b (R), (14)
and Υd and Υb are the stellar mass-to-light ratios of disks
and bulges, respectively. We calculate V2bar(R) by taking Υd
and c derived form the RC fits of mass Models A.1 to B.5.
At first, without considering the contribution of dark
baryons (c=1) we show in Fig. 2 the effect of varying the
disk mass-to-light ratio (Υd), which we allow to be smaller
than 0.5ML . Fig. 2 shows that by using lower values for Υd,
the observed scatter of the RAR increases by 0.01 dex for
Υd = 0.4
M
L and 0.1 dex for Υd = 0.2
M
L . In the case of
lower values for Υd, the baryonic disks are submaximal and
DM dominates everywhere. The RAR, however, still exists
and it is simply shifted in location. Indeed, Eq. 12 is not an
appropriate function for fit to the observed RAR. However,
using lower values for Υd increases the best-fitting value of
g† from 1.2×10−10 m s−2 for Υd = 0.5ML to 3.1×10−10 m s−2
for Υd = 0.2
M
L .
For considering the effects of dark baryons on the RAR,
Fig. 9 in the Appendix shows the total versus baryonic ac-
celeration for all individual data points of all galaxies in
the SPARC sample for models A.1 to E.3. According to Ta-
ble 1 it can be seen that adding dark baryons reduces the
best-fitting value of g†. It should be noted that the mean-
ingful comparison for considering the effects of the dark
baryons on the RAR is when the mass-to-light ratio is fixed
(Υd = 0.5
M
L ) (e.g., models A.1 and A.2), where one can
see that adding the contribution of dark baryons in the
mass budget of galaxies reduces the values of g†. A Gaus-
sian distribution fitted to these residuals finds a variance of
σ = 0.11−0.13 for models A.1. to E.3 which is in the range of
that from observed data (McGaugh et al. 2016). Without of
dark baryons and in the presence of dark baryons for models
B.4 and B.5 in which the RAR-inspired interpolating func-
tion is used and the MOND acceleration a0 is assumed to
be a fixed parameter, we find a variance of σ = 0.04 − 0.05
dex, in agreement with the value found by Li et al. (2018).
5 SUMMARY AND CONCLUSION
We presented mass models of a large sample of spiral galaxies
(SPARC) that cover a large range of luminosities and mor-
phological types to revisit how the presence of dark baryons
in galaxies affect their MOND RC fits and thus the RAR.
Using the MCMC method, we found the scale factor c be-
tween the total and atomic gas for each galaxy. MOND fits
with a0, c, and Υd fixed and free were performed and the re-
sults of the mass models with and without the contribution
of dark baryons to the RCs of galaxies were compared. Our
results are summarized as follows:
• Adding dark baryons slightly improves the quality of
the fits such that about 60% of the galaxies fitted with our
models have χ2 < 3.0. For almost all galaxies the χ2 values
of models A.2 and A.3 are less than the χ2 for Model A.1.
• We found insignificant evidence for dark baryons, with
the scale factor being consistent with c = 1 (equivalent to a
model without dark baryons) for 53% of all galaxies in our
sample. The MOND fits are not significantly improved by
adding dark baryons. By averaging over all models, we find
the mean value of the scale factor to be < c >= 2.4 ± 1.3.
• We showed that the observed acceleration from the RCs
correlates with the baryonic gravitational field from the dis-
tributions of atomic and molecular gases and stars. The ra-
dial acceleration relation holds when Υd and c are free pa-
rameters in the fits but with a smaller g†.
• When we let g† vary in the presence of dark baryons,
on average, the lower best-fitting values of g† = 0.90 a0 and
g† = 0.53 a0 were inferred and found to be compatible with
previous analysis.
• The non-correlation between a0 and the stellar central
surface brightness of the galaxies in our sample implies that
a0 is a universal constant independent of any galactic prop-
erties.
• Decreasing the characteristic acceleration a0 by adding
the contribution of dark baryons to the RCs in the context of
MOND is consistent with the results that we inferred from
RAR in the context of MOND.
• By fitting the RCs of the SPARC sample we obtain val-
ues of Υd which are fully consistent with the SPS prediction
in the 3.6 µm band of Spitzer when we use the RAR relation
as a new MOND interpolating function.
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Figure 3. Top panel: CDF of the χ2 values of the maximum
posterior RC fits for models A.1 to A.3. 65% of galaxies have
χ2 less than 3 for Model A.3. The inset shows the histogram
of χ2 values of these models. Second panel: CDF of the best-
fitted a0 values of the RC Models A.1 to A.3. The vertical line
shows a0 = 3700 km2s−2kpc−1 = 1.2 × 10−10 m s−2. The inset
shows the histogram of a0 for these models. a0 decreases as the
fraction of dark baryons increases. Third panel: CDF of the best-
fitted c−parameter for Models A.2 and A.3. More than 80% of
galaxies have a scale factor of c less than 4.0. The inset shows
the histogram of best fit c values for these models. Bottom panel:
CDF of the best-fitted Υd values of Model A.3. The inset shows
the best-fitted Υd values.
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Figure 4. Same as Fig. 3 but for Models B.1, B.2, and B.3.
Similar to Model A.3, about 65% of galaxies have χ2 < 3 for
Model B.3, but about 90% of galaxies have a scale factor c < 4.
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Figure 5. Same as Fig. 3 but for Models C.1, C.2, and C.3.
Similar to Model A.3, about 70% of galaxies have χ2 < 3 for
Model C.3, but more than 80% of galaxies have a scale factor
c < 4.
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Figure 6. Same as Fig. 3 but for Models D.1, D.2, and D.3.
Similar to Model A.3, about 65% of galaxies have χ2 < 3 for
Model D.3, but about 80% of galaxies have a scale factor c < 4.
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Figure 7. Same as Fig. 3 but for Models E.1, E.2, and E.3.
Similar to Model A.3, about 70% of galaxies have χ2 < 3 for
Model E.3, but more than 80% of galaxies have a scale factor
c < 4.
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Figure 8. Same as Fig. 3 but for Models B.4 and B.5. About 33%
of galaxies have χ2 less than 1.5 for Model B.5. It is important
to note that more than 80% of galaxies have a scale factor c less
than 4. The mean value of Υd is near 0.5, fully consistent with
the SPS prediction in the 3.6 µm band of Spitzer.
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Figure 9. Radial acceleration relation (RAR) for all models listed in Tabel 1. The observed total acceleration profiles gobs = V
2/R is
plotted as a function of their Newtonian baryonic acceleration, gbar, inferred from the distribution of baryonic matter. In each panel, the
data of gobs versus gbar for 2692 individual data points in 153 different galaxies of SPARC sample are represented in blue-scale. The black
solid line is the best fit curve derived from the data and the black dotted line is the 1:1 line. The best-fitting values of g† are shown in
Table 1 for all models. The inset shows the histogram of all residuals and a Gaussian fit that is shown with a red curve. The width of
the Gaussian fit for all models is listed in Table 1. The residuals are shown as a function of gbar in the lower panel.
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Figure 9. continued.
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Figure 9. continued.
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Figure 9. continued.
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Figure 9. continued.
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